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We review the forces that rule interactions between phospholipid membranes and other soft nano-
materials such as polymers and colloids. Contrary to traditional nanostructures, soft materials dis-
play a high susceptibility to the fluctuations of the thermal environment, leading to new forces of an
essentially entropic nature.
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1. INTRODUCTION

Phospholipids self-assemble in solution as fluid bilayers
of typically 5 nm thickness, leading to lamellae structures
of planar, cylindrical, spherical, or even more complex
geometries.1–3 When the bilayers enclose an inner spheri-
cal or cylindrical space one refers to these assemblies as
vesicules or liposomes.4 In the living realm, where phos-
pholipid bilayers build the walls of cells and cellular
organelles,5 vesicles and liposomes provide simple models
to understand cell wall properties: Transport, fusion, mech-
anical resistance � � � Depending on the actual self-assembly
conditions, single or multiple layer vesicles can be pre-
pared in a large size range, from liposomes as small as a
few tens of nanometers to giant vesicles as large as one
tenth of a millimeter. The physics of simple fluid bilay-
ers is now well understood. Following seminal work by
Helfrich,6 who first recognized the importance of the mem-
brane bending elasticity, extensive theoretical and experi-
mental studies contributed to the writing of one of the finest
chapters in modern statistical physics of soft condensed
matter.7 Interestingly, fluid bilayers also inspired many fun-
damental studies in Mathematics, particularly in topology
and differential geometry, some of these studies baring a
direct impact on the physical description of the membranes.

Fluid membranes often contain also other macromolec-
ular species. Biological bilayers host proteins responsible
for functions as diverse as anchoring the cytoskeleton,
providing coating protection against the body immune
response or opening ionic channels for osmotic compen-
sation.8 In cosmetics, pharmaceutics, or detergency, many
formulations are membrane solutions with polymers added
for performance, processing, conditioning, or delivery.9–16

An interesting example of a polymer membrane system
has been recently developed in the field of drug delivery.

∗Author to whom correspondence should be addressed.

Indeed, the capacity of the liposomes to encapsulate a great
variety of active molecules has prompted many studies to
test the possibility of actually delivering drugs through lipo-
some carriers, but it was not until a solution was found
to avoid recognition and elimination by the immune sys-
tem that the first anti-cancer drugs where approved and
marketed. This solution involves polymer membrane inter-
actions and is an interesting example of cross-fertilization
between applied studies in pharmacology and more funda-
mental research in the field of colloidal forces. In fact, in
many industrial applications such as paints, lubrication oils,
and food suspensions one might want to prevent aggrega-
tion of the suspended particles. This is many times achieved
by coating the colloid surface with a polymer layer, that
prevents bead–bead contact. It was also found that these
coatings, shown in Figure 1, prevented immediate recogni-
tion of liposomes by the immune system, therefore increas-
ing the liposome circulation times and making possible
drug transport in the blood.

The problems risen by the development of stealth lipo-
some technology17 are a good illustration of the funda-
mental questions addressed in this review. Indeed, locating,
identifying, and controlling the forces that act between a
membrane and other soft nano-materials such as colloids
and polymers are crucial steps not only in the field of drug
delivery, but also for a much larger class of natural and
industrial systems. In the following, we describe recent
progresses in the theoretical understanding of the inter-
actions between phospholipid membranes and other soft
objects of the nanometer world.

2. ELASTIC PROPERTIES OF
FLUID MEMBRANES

Systems built from fluid membranes exhibit a wide vari-
ety of shapes and topologies that can be well understood
within the framework of curvature elasticity.18 The surface
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Fig. 1. The stealth liposome concept. A polymer protective layer avoids
recognition by the immune system and allows a prolonged circulation in
the blood.

energy density associated with curvature effects can be
written as6

h�R1�R2�=
�

2

(
1
R1

+ 1
R2

− 2
R0

)2

+ �̄

R1R2

(1)

where R1 and R2 are the local radii of curvature that
describe the shape of the membrane, and R0 is the local
radius of spontaneous curvature, an intrinsic property of
each membrane system. For instance, the spontaneous cur-
vature R−1

0 vanishes for symmetric membranes. � and �̄
are the membrane elastic constants that have dimensions of
energy. The curvature rigidity � controls the amplitude of
thermal fluctuations. Experimental � values for fluid bilay-
ers are found in the range of one to several tens of kBT
units. The Gaussian curvature rigidity �̄ plays an impor-
tant role in the determination of the membrane topology.
Indeed, according to the Gauss-Bonnet theorem, the total
energy contribution from the Gaussian curvature is a topo-
logical constant:∫

dS�R1R2�
−1 = 4
�1−g�

where g is the surface topological genus (g = 0 for a
sphere, g = 1 for a torus). �̄ can thus be described as a
chemical potential conjugated to surface topology.

The practical usefulness of membranes relies on the pos-
sibility of controlling the shape and topology of the for-
mulated structures. A given geometry, or a set of different
geometries interchangeable by phase transformations, is
not only fixed by the values of the elastic constants but
is also the result of the interplay between several different
parameters such as the temperature, the osmotic pressure,
the ionic strength � � � However, in many situations these
parameters can not be freely modified, and it is then bet-
ter to directly tune the elastic constants themselves. Many
recent theoretical and experimental studies have thus been

devoted to the contribution of colloid and polymer solu-
tions to the surface energy of fluid bilayers. We will now
present an overview of the main results of these studies. In
this section we first recall a general method widely used
for the determination of the effective elastic constants, and
describe in the following sections several different exper-
imental situations: Depletion of flexible and rigid objects,
polymer adsorption � � � We will conclude by an extensive
review of polymer decorated membranes, describing first
the average modifications of the elastic curvature constants
and then the local forces that the polymer apply to the
membrane.

2.1. Effective Elastic Constants

For a bare membrane, in the absence of colloids, the
Helfrich energy can be easily computed for simple geome-
tries. The energy per unit surface of a sphere of radius
R1 = R2 = R is

�hs�R�=−4�c0

R
+ 2�+ �̄

R2
(2)

where �hs�R� = hs�R�− hs���. For a cylinder, R1 = R
and R2 =�, one has

�hc�R�=−2�c0

R
+ �

2R2
(3)

It is worth noting that there is a factor two between the
linear terms of the cylinder and sphere surface energies, a
general geometric feature that holds for all surface energy
densities with analytical expansions in 1/R.

In the vicinity of an interface, wall particle interactions
lead to a perturbation of the structure of the colloidal sus-
pension over a distance comparable to the particle size. In
the neighborhood of an interface, the properties of a col-
loidal solution are modified over a typical distance of the
order of r0, the size of the colloidal particles. This pertur-
bation increases the system energy proportionally to the
area of the interface. When the surface is slightly curved,
such excess surface energy can be expanded in powers of
r0R

−1 � 1. The renormalization of the elastic curvature
constants can then be obtained by comparing the first two
terms of the expansion to the Helfrich energy. In the fol-
lowing, we consider only bare symmetric membranes for
which the spontaneous curvature vanishes, c0 = 0; results
for cases where c0 �= 0 can be obtained in a similar man-
ner. Formally, the excess energy expansion for a sphere
(i = s) or a cylinder (i = c) is

�i�R�= �i+
�i
R

+ �i
R2

(4)

The curvature dependent terms of the excess surface
energy of a membrane in contact with the colloidal envi-
ronment can be written as

�fs�R�=�hs�R�+��s�R�=−4��c0

R
+ 2�eff +�̄eff

R2
(5)

�fc�R�=�hc�R�+��c�R�=−2��c0

R
+ �eff

2R2
(6)
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for the sphere and the cylinder, respectively. Exposure
of one side only of the membrane to the particle surface
interaction induces a spontaneous curvature that can be
written as

�c0 =
�s
4�

= �c
2�

(7)

A positive contribution indicates a tendency of the mem-
brane to spontaneously bend towards the solution, the
sphere having a negative curvature within our sign con-
vention. When the membrane is embedded in the solution,
with both sides exposed to the same colloidal solution,
the spontaneous curvature vanishes, since the excess sur-
face energy is the sum of the two contributions ��i =
��i�R�+��i�−R�. This leads to

��= �eff −�= 4�c (8)

��̄= �̄eff − �̄= 2�s−8�c (9)

We will now review different results obtained with this
general method by several authors. We will also provide a
short theoretical background for each of the experimental
situations considered, a more detailed description can of
course be found in the relevant literature.24–26

3. NANOPARTICLE DEPLETION

3.1. Depletion of Rigid Particles: Rods and Spheres

The extraction of tobacco mosaic virus (TMV) and the
subsequent observation of the nematic phase in low con-
centration TMV solutions,27 triggered a deep interest
for suspensions of rigid macromolecules. The isotropic
nematic transition in rod solutions was first predicted by
Onsager to occur at the rather small concentration �∗b =
4�2L−2D−1, with L the rod length and D its diameter.28

The depletion interaction of infinitely thin rods and curved
walls was first considered by Auvray,29 then by Yaman
et al.30 These last authors have in particular determined
the contribution of the depletion interactions to the elastic
constants of the membranes.

One can easily show that the rod depletion layers can
significantly modify the membrane elasticity, by compar-
ing the effects of rod and sphere depletion. In a solution
of hard spheres of radius r0 and number density �b, the
typical scale for the energy density is kBT�b. The order
of magnitude of the excess surface energy is thus �� 	
kBT�br0. Typical values for the interfacial tensions are of
order �0 	 kBT /a

2, where a is a microscopic size. For a
characteristic value a = 0�1 nm, �0 is of order of a few
mN/m. The corrections due to the depletion of spherical
particles are thus a factor �a/r0�

2 lower than typical inter-
facial tensions even at volume fractions � = �b�4
/3�r

3
0

of order unity. Corrections to the curvature modulus are
of order ��	 kBT�br3

0 : Even for the largest possible vol-
ume fractions this contribution is only of order kBT , a
value at the lower end of the range, 1–20kBT , for most
bare elastic constants. In the case of a rod solution with

rod number density �b, the upper concentration limit of
the isotropic solution is the Onsager concentration �∗b. The
contributions to the interfacial tension are now of the order
�� 	 kBT�bL, but even for rod diameters of order of the
microscopic length a the contribution to the interfacial ten-
sion of rod solutions at the Onsager concentration is still a
factor (a/L) smaller than typical interfacial tension values.
However, modifications of the elastic constants are here
of order �� 	 kBT�bL

3, a factor �L/D� larger than kBT .
Therefore, even rather rigid phospholipid membranes with
elastic constants as large as 20kBT may have their rigidi-
ties substantially modified at low rod concentrations where
rod–rod interactions are still negligible.

Technically, Yaman et al. considered an ideal gas of rods
of length L in the presence of flat and curved surfaces
which repel the rods.30�31 They parameterize the possible
rod configurations by the center of mass coordinates 
r , and
by two angles specifying the rod direction,  ≡ �!���.
The relevant potential describing the thermodynamics of
the system is written as:

F #��r� �$=
∫
drd ��r� ��ln�v�/e�− ��b−Uext��

(10)
where � is the local concentration, v a normalization vol-
ume, �b is the solution chemical potential, and Uext the
interaction potential between the rods and the surface.
Functional minimization of ( with respect to ��
r� �
gives the equilibrium density profile. The excess surface
energy is given by

�� = 1
�
�F #��z�$−F #��z→��$�

=
∫
dz#�b−��z�$J �z�R� (11)

where S is the surface area, z the perpendicular distance
from the surface, and J �z�R� is the appropriate Jacobian
for the geometry. For flat surfaces J �z�R�= 1, for the out-
side of a cylinder of radius R, J �z�R�= 1+ z/R, and for
the outside of a sphere J �z�R�= �1+z/R�2. Equation (11)
holds for both spherical and rodlike particles provided that
the corresponding concentration profile is known.

3.1.1. Nanobeads

In the case of hard sphere solutions, where there is no
coupling between configuration and curvature. One finds,
to second order in curvature, the following correction to
the interfacial energy

��s = kBT�br0

(
1+ r0

R
+ r2

0

3R2

)
(12)

��c = kBT�br0

(
1+ r0

2R

)
(13)

The renormalized values of the elastic constants can be
directly obtained from Eqs. (8) and (9). If the membrane
is exposed on both sides to a bead solution there is no
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spontaneous curvature, the elastic constant read:

��= 0 (14)

��̄= 2
3
kBT�br

3
0 (15)

A different nanobead concentration on both sides of the
membrane will lead to a spontaneous curvature, as dis-
cussed in the Refs. #32� 33$.

3.1.2. Rods

The geometrical constraints depend on the convexity of
the surface. Yaman et al. gave the following values for the
surface energy:

��out = kBT�b
L

4
(16)

when the rods interact with a convex surface and

��in = kBT�b
L

4

(
1−+L

2

R2

)
(17)

when the rods interact with concave spherical (+= 1/12)
or cylindrical (+ = 1/32) surfaces. The asymmetry of the
expressions for convex and concave surfaces shows that a
membrane will spontaneously bend towards a rod solution,
even if there is no spontaneous curvature in the traditional
sense. For a membrane immersed in a rod solution one
extracts the new elastic constant values

��=− 1
64
kBT�bL

3 =−kBT
�b
�∗b

1
15�2

L

D
(18)

��̄= 1
96
kBT�bL

3 = kBT
�b
�∗b

1
22�9

L

D
(19)

� decreases and �̄ increases, with an amplitude L/D times
larger that kBT as anticipated: A rod solution might in
principle destabilize a fluid membrane by lowering its cur-
vature rigidity.

3.2. Depletion of Flexible Polymers

Having described depletion of rigid nanoparticles, we now
consider the opposite case of flexible polymers, a paradig-
matic example of soft nanoparticles. Statistical methods
have been used to describe the physics of macromolecules
since the work of Kuhn around 1930: Polymers are then
represented as gaussian random walks.34 In 1949, Flory
describes effects of excluded volume in the polymers35

and realizes that the chains are swollen with respect to
the corresponding gaussian state. Flory estimation of the
chain swelling is based on a simple balance between
chain stretching and excluded volume interactions: The
radius of a three dimensional chain is given by R2 ∝
N 2�a2 with � = 3/5. New important contributions to the
theoretical description of polymer chains arise in the
sixties, and emerging numerical methods will later allow
to test the theoretical descriptions of self-avoiding ran-
dom walks. Edwards introduces in 1965 a self-consistent

theoretical field description of the polymer chains provid-
ing a systematic method to account for intra and inter-
chain interactions.36 The modern description of polymer
chains is introduced by de Gennes in 1972.37 de Gennes
shows that the partition function of a polymer chain is
connected by a simple mathematical transformation to the
partition function as a particular spin system. This strong
connection to critical phenomena has allowed to under-
stand polymer chain behavior at the light of renormal-
ization group theory. In particular, it can be shown that
the upper critical space dimension for polymers is d =
4. Above this upper critical dimension the excluded vol-
ume correlations become irrelevant and chain behavior is
well described by gaussian statistics. Chain properties can
therefore be extracted by renormalization group methods
based on the so called --expansion close to the upper
critical dimension. For instance, a perturbation expansion
in - = 4− d to second order gives � = 1/2�1+ 1/8-+
15/256-2�, a value close to � = 0�592 for - = 1. More
precise techniques give � = 0�588,38 a value very close to
the Flory estimation.

The analogy with critical phenomena has been exploited
by Hanke, Eisenriegler, and Dietrich to compute the con-
tribution from a depleted polymer solution to the surface
excess energy.39 Results to first order in - give for the
spontaneous curvature

�c0 = 0�125
kBT

�
�bR

2�1−0�131-�+��-2� (20)

and for the elastic constants

��=−0�133kBT�bR
3�1−0�0713-�+��-2� (21)

��̄= 0�266kBT�bR
3�1−0�177-�+��-2� (22)

with �b the bulk concentration and R2 = N 2�a2/3. The
case of Gaussian chains corresponds to - = 0. From the
scaling point of view one gets results similar to hard sphere
depletion. The depletion of soft and hard spheres are of the
same order of magnitude, albeit with different numerical
prefactors.

4. ADSORPTION OF POLYMERS

The contribution of adsorbed polymers to the elastic con-
stants of fluid bilayers was first discussed at the scaling
level by de Gennes,40 who did not however calculate the
amplitude or the sign of the contributions. A more sys-
tematic approach was developed by Brooks et al.41 who
studied the renormalization of the elastic constants both at
the mean-field and the scaling levels.

Reversible adsorption of polymer chains can be
described by an energy density which is a functional of
the local monomer volume fraction � through the order
parameter . =�1/2. Hereafter a is the size of a monomer,
� the monomer number density, and � = �a3. At fixed
chemical potential the Cahn-de Gennes free energy can be

J. Nanosci. Nanotechnol. 6, 2386–2395, 2006 2389



R
E
S
E
A
R
C
H
A
R
T
IC
L
E

Entropic Interactions in Soft Nanomaterials Bickel and Marques

written as42

F #.$ = −kBT
�

a2

∫
dS.2

+ kBT
a3

∫
dV

(
a2

6
�0.�2+ 1

2
ṽ�.2−.2

b�
2

)
(23)

The first integral describes the direct interaction with the
surface, the dimensionless parameter � represents the con-
tact energy between the monomers and the wall. Accord-
ing to the sign of �, this energy functional can describe
adsorption or depletion. The gradient term is related to
the chain connectivity and the last term in the func-
tional describes volume excluded interactions. ṽ = v/a3 is
the excluded volume parameter, in fact the second virial
coefficient related to the Flory interaction parameter 1
through v = �1−21�a3. .b is the bulk value of the order
parameter.

Polymer adsorption is different from other adsorption
problems due to chain connectivity. Indeed adsorption of
only a few monomers of a given chain restrain close to
the surface all the monomers belonging to that chain. The
interfacial energy depends thus on the adsorbed concentra-
tion profile that extends far from the surface. Functional
minimization of the energy density (23) provides an Euler-
Lagrange differential equation for the profile

a2

6
0 2.− ṽ.3 + ṽ.2

b. = 0 (24)

with boundary conditions

1
.

2.

2n

∣∣∣∣∣
surf

=− 1
2D

(25)

where n is the normal to the surface. This condition
defines the extrapolation length D = a/�12�� that char-
acterizes the strength of adsorption (� > 0) or depletion
(� < 0). The extrapolation length is in principle also a
function of the surface curvature, but this dependence
can be neglected in the limit of infinitely narrow wall
potentials. A second characteristic length of the problem
is the correlation length 6b = a/�3v�b�

1/2 introduced by
Edwards.36 For concentrated or semidilute solutions, 6b
determines the longest decay of the profile that reaches
the bulk value for z� 6b. The screening length can also
be described as a thermal “blob” size: For distances larger
than 6b the excluded volume interactions are screened and
the polymer chain correlations exhibit a gaussian behav-
ior. In dilute solutions, 6b is simply given by the chain
radius.

Brooks et al. solved the Euler-Lagrange Eq. (24) in the
limit of weak adsorption 6b �D for cylindrical and spher-
ical boundary conditions. The expansion of the excess sur-
face energy leads to the spontaneous curvature value

�c0 =
3
8
�2 kBT

�
�b6

2
b (26)

To first order in the curvature the energy is lowered if the
surface bends towards the solution, both for the adsorption
and the depletion cases. Concerning elastic moduli renor-
malization, these authors found that polymer adsorption
or depletion reduce the bending rigidity and increase the
gaussian curvature constant

��=−9
8
�2kBT�b6

3
b (27)

��̄= 3
4
�2kBT�b6

3
b (28)

Equilibrium adsorption or depletion softens the mem-
branes and increase the tendency of the membrane solution
to the formation of bicontinuous structures with a high
density of saddle point geometries. These authors discuss
also the adsorption profiles beyond the mean-field level by
using a modification of the energy functional suggested by
de Gennes. The numerical resolution of the corresponding
non-linear differential equations lead to qualitatively sim-
ilar results, albeit with different exponents and prefactors.
They also solve numerically the mean field, strong adsorp-
tion limit 6b �D, for which Clément et Joanny43 provided
later an analytical solution. For mean-field strong adsorp-
tion these authors obtained the following expressions

��=−8
9
kBT�ba6

2
b (29)

��̄= 4
3
kBT�ba6

2
b (30)

For both strong and weak adsorption the corrections to
the elastic constants assume the form ∼ kBT �b #length$3,
the effective length depending on the adsorption regime.
For weak adsorption where excluded volume effects are
predominant, the corrections are proportional to 63

b . Con-
versely, for strong adsorption the system is essentially
two dimensional and the corrections become independent
of �: The correction factor is proportional to a62

b . It is
worth stressing again that the corrections are independent
of the interactions sign, they hold both for adsorption or
depletion, provided that the equilibrium with the solu-
tion holds. At the opposite limit of irreversible adsorp-
tion the corrections have a logarithmic form ln�6b/D�.

41

More recently, chain finite size effects have also been
considered.44

5. POLYMER-DECORATED MEMBRANES

In this section, we review the elastic properties of mem-
branes decorated with polymer chains. Depending on the
grafting density 7 , one can define two different regimes
that we now discuss.

5.1. High Grafting Density: The Brush Regime

When the average distance between the anchors is smaller
than the radius of gyration of the polymers, the chains

2390 J. Nanosci. Nanotechnol. 6, 2386–2395, 2006
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adopt a streched configuration. In their seminal works,
Alexander and de Gennes use scaling arguments to
describe properties of polymer brushes. For instance, the
equilibrium height h of the layer is obtained by balanc-
ing the streching energy of the chains with the excluded
volume repulsion between monomers. In a mean-field
description, the thickness of the brush scales as h∼N71/3,
and the corresponding free energy per unit area is f ∼
N75/3 (Ref. [45]). This approach neglects however intra-
chain correlations, that were accounted for by de Gennes:
In his picture, the chains are described as strings of blobs
whose radius 6 is set by the grafting density, 6 ∼ 7−1/2.
Each blob containing g ∼ 65/3 monomers, the brush thick-
ness is found to follow the same scaling law h∼ �N/g�6∼
N71/3, but with a corresponding energy f ∼ �N/g�kBT7 ∼
kBTN7

11/6 (Ref. [46]).
These scaling ideas can be adapted to a polymer brush

grafted to a membrane. The bending modulus scale as an
energy and the excess bending modulus is ��∼ fh2, with
f the polymer brush free energy per unit area.47 In a mean-
field approach, the excess bending rigidity is then expected
to scale as �� ∼ ��̄ ∼ N 377/3. Milner and Witten have
evaluated more accurately the surface energy for spherical
and cylindrical geometries,48 they obtain

��= kBT
9

64

(
12



)1/3

N 3�7a2�7/3 (31)

��̄=−kBT
3
35

(
12



)1/3

N 3�7a2�7/3 (32)

Using the blob picture, one finds a slightly different expo-
nent, �� ∼ ��̄ ∼ N 375/2. Indeed, a carefull evaluation
gives49

��= kBT
65
72
N 3�7a2�5/2 (33)

��̄=−kBT
5
18
N 3�7a2�5/2 (34)

However, recent numerical simulations47 seem to indicate
that both approaches under-estimate ��. Because of the
high monomer volume fraction in the vicinity of the sur-
face, the measured excess bending modulus actually scales
with the grafting density as 74/3, but in all cases, the cor-
rections are of the order of kBT for a “dilute” brush close
to the overlap density.

5.2. Low Grafting Density: The Mushroom Regime

At low grafting density, the excess free energy per unit
area is simply proportional to the density, �� ∼ kBT7 .
One then expects curvature corrections of the form �� =
kBT7�1+c1Rp/R+c2R

2
p/R

2�, with c1, c2 some numerical
constants. Here, Rp = N�a is the typical size of the poly-
mer chain, with � = 1/2 for ideal chains and � = 3/5 for
chains in good solvent condition. The polymer contribution
should therefore be larger in good solvent since the chains

are swollen by excluded-volume interactions. Dimensional
analysis then predicts that the corrections should scale as
��∼��̄∼ kBT7R2

p, independently of the solvent quality.
However, the details of chain architecture and solvent qual-
ity are relevant for the value and the sign of the prefactors,
that we now discuss.

5.2.1. Polymers in Good and Theta Solvent

We first consider polymer chains anchored by one extrem-
ity to the membrane. Once the internal conformations of
the polymer have been integrated out, the excess free
energy per unit area of the decorated membrane is, for a
single chain,

���i� =−kBT
�

ln
(
��i�
N

��p�
N

)
(35)

with ��i�
N the partition function of a chain attached to a

sphere (i = s) or to a cylinder (i = c). When the grafting
density 7 is low, inter-chains interactions can be neglected
and different contributions simply sum up. The resulting
spontaneous curvature is always negative

�c0 =−a0

kBT

�
7Rp (36)

where a0 depends on the solvent quality. Explicit calcula-
tions for Gaussian chains lead to a0 =

√

/96 	 0�181,50

and numerical methods for chains in good solvent give
a0 	 0�168.51 In both case, the configurational entropy of
the chains increases if the surface bends away from the
polymers. Using the notations of Ref. #51$, the corrections
to the bending moduli scale as

��= 2a�kBT7R
2
p (37)

��̄=−2a�̄kBT7R
2
p (38)

with a� = �
+ 2�/24 	 0�214 and a�̄ = 1/6 	 0�166 for
ideal chains,49 and a�	 0�200 and a�̄	 0�153 for chains in
good solvent.51 The linear increase of the bending rigidity
with 7R2

p has first been tested for decorated vesicles using
micropipette technics52 and carefully studied for decorated
microemulsions.53�54 Note that close to the overlapp con-
centration 7∗ ∼R−2

p , the corrections are of the order of the
thermal energy ��∼ ��̄∼ kBT , so that one continuously
crosses over from the dilute (mushroom) to the concen-
trated (brush) regime.

5.2.2. Effect of Chain Architecture

In this section, we limit the discussion to ideal chains and
consider four different architectures schematically drawn
in Figure 2. We use the name “hair” for a polymer chain
grafted by a single extremity (I), “siamese” molecule for a
chain grafted by the median monomer (II), “loop” molecule
for the case where both extremities are anchored (III), and
“gemini” molecule for a transmembrane chain (IV). The
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I
II

III

IV

Fig. 2. Different architectures of the grafted chains: Hairs (I), siamese
molecule (II), loop (III), and gemini (IV).

same contribution to the elastic moduli is obtained for hairs,
siamese, and gemini molecules49�55

��= 
+2
2

kBT7R
2
g (39)

��̄=−2kBT7R
2
g (40)

with Rg = Na2/6 the radius of gyration. Concerning the
induced spontaneous curvature, it vanishes for gemini
molecules because of symmetry reasons. As expected, the
chain contribution to the spontaneous curvature is negative
for the hairs50�55

�c0 =−
√



4
kBT

�
7Rg (41)

as well as for the siamese molecules50�55

�c0 =−
√

2

4

kBT

�
7Rg (42)

The situation is slightly more subtle in the case of the
loops. First, corrections with the opposite sign are found
for the elastic moduli

��=−kBT7R2
g (43)

��̄= 2kBT7R
2
g (44)

An increase of �̄ tend to stabilize saddle structures, that
are indeed favorable for the loops (see Fig. 3), but the
decrease of � is not intuitive a priori. In particular, it is
not clear whether this fact is characteristic of the loops or
if it is an artefact of the Gaussian chain model. The second
point is that there is no spontaneous curvature induced by
loop polymers

�c0 = 0 (45)

When the anchors are close to each other, the polymer
forms an anchored ring and the membrane bends away
from the chain. On the other hand, if both ends are
far apart, the polymer is in a streched state and then
pulls on the membrane as shown in Figure 3. These two
competiting effects happen to compensate exactly if the
anchors are free to probe all the possible configurations.32

Fig. 3. A chain grafted by its extremity has more conformational
entropy when the grafting surface is bent away from the chain. The same
applies for loops when the grafting points are close to each other. How-
ever, when the grafting points are far away, the chain entropy is increased
if the surface bends towards the chain.

To better understand this point, let us consider a loop
attached on a sphere. The spontaneous curvature is in fact
a function of the (horizontal) distance l between anchoring
points55

�c0�l�=−
√



8

(
1− 2l2

R2
�

)
kBT

�

R�
�

(46)

so that it vanishes at separtion l0 = R�/
√

2. Remarkably,
in can be shown that the average of this quantity over all
separations cancels out exactly

��c0� =
∫ �

0
dl��l��c0�l�

∝
∫ �

0
dl

(
1− 2l2

R2
�

)
e−l

2/2R2
� = 0 (47)

a result illustrated in Figure 4.

5.2.3. Loops and Siamese Molecules: Effect of
Anisotropy

As pointed out in the previous section, loop molecules
present some intriguing features. The analysis can be
refined and extended to the more general situation where
the surface is locally described by its two principal radii
of curvature R1 and R2. We focus here more closely on
the coupling between particle anisotropy and local sur-
face conformation. This question has been studied quite

0 0.5 1 1.5 2 2.5 3

P(l)

∆c0(l) 
l
 

R||

0

Fig. 4. The spontaneous curvature �c0, the probability ��l� to find a
conformation with a distance l between anchoring points and the product
of both functions are represented in the figure. The integral of the product
vanishes exactly.
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generally in Ref. #56$, and the results have been applied
to both siamese molecules57 and loop polymers.55

We first focus on loop molecules, and assume that the
(projected) distance l between anchors is fixed. Experi-
mentally, this configuration can be achieved by connecting
the chains by a rigid (hydrophobic) spacer. The orienta-
tion of the molecule is then described by the vector l =
�x−x′� y− y′�0�, and we call ! the angle between l and,
for instance, the axis of principal curvature 1/R1. The dis-
cussion is restricted to the situation where both extremi-
ties are anchored symmetrically onto the surface, x′ = −x,
y′ = −y, and z= z′ = −�R−2

1 cos2 !+R−2
2 sin2 !�l2/4. The

partition function of the chain can be evaluated following
a perturbative method developed in Ref. #58$. Up to first
order, the partition function is55

�N �l� = ��0�
N exp�−l2/R2

��

×
{

1+
√

R�

4R1

(
1− 4l2 cos2 !

R�

)

+
√

R�

4R2

(
1− 4l2 sin2 !

R2
�

)}
(48)

with R2
� = 2Na2/3, and ��0�

N the partition function of the
chain with both extremities grafted at the same point on a
flat surface. The polymer contribution � =−kBT ln�N �l�
to the free energy takes the following form

� = �0 +�
(

1
R1

+ 1
R2

)
+�

(
1
R1

− 1
R2

)
cos 2! (49)

where the coefficients � and � are given by

�=−kBT
√

R�
4

(
1− 2l2

R2
�

)
and �= kBT

√

l2

2R�
(50)

The anisotropy of the spontaneous curvature �/� is van-
ishingly small for l of the order of the size of a monomer.
However, �/� is of order unity when l become compa-
rable to the polymer size. Note that this ratio eventually
diverges for l = R�/2.

Anisotropic inclusions promotes different spontaneous
curvatures in the direction parallel or perpendicular to their
orientation in the plane of the membrane. It has been
shown that, whereas isotropic inclusions yield no sponta-
neous mean curvature when symmetrically adsorbed in a
bilayer, anisotropic inclusions yield a spontaneous devia-
toric bending R−1

1 −R−1
2 �= 0 by orienting at right angle

across the bilayer. For � inclusions anchored on each side
of the membrane with density 7 = � /� , the deviatoric
contribution to the free energy (49) renormalizes the bend-
ing moduli according to56

��=−1
2
��̄=−7�

2

kBT
(51)

For siamese molecules, this contribution is57

��=−9

16
kBT7R

2
g (52)

and it is found for the loops55

��=−

4
kBT7

l4

R2
�

(53)

The effect of anisotropic gaussian inclusions is then to
decrease the bending modulus � and to increase the
Gaussian modulus �̄. This can lead to interesting appli-
cations since the deviatoric contribution to the bending
energy induces, above a concentration threshold, an “egg-
carton” instability in flat membranes and a vesicle insta-
bility yielding long wormlike shapes.56 Also interesting
might be the possibility of changing the solvent quality,
since excluded volume effects can change the sign of the
siamese molecule contribution to the bending rigidity, as
recently shown by Monte Carlo simulations.59

6. GRAFTED POLYMERS AS MINIATURIZED
PRESSURE TOOLS

Achieving control of membrane shape and topology is of
crucial importance to regulate function and performance
of many systems in biology, physics, or chemical sciences.
The design of a kit of versatile microscopic tools for tun-
ing the shape of fluid membranes relies ultimately on the
possibility of tailoring molecules for applying a given,
well-chosen force, to the self-assembled surface. Here we
discuss the ability of grafted polymers to perform as meso-
scopic pressure patches. When a polymer chain is brought
to the neighbourhood of a repulsive, impenetrable wall, the
number of conformations available to the chain is reduced.
Such a reduction of configurational entropy creates a non-
homogeneous pressure field acting on the wall in a region
comparable to the polymer size. In the case of a Gaussian
end-grafted chain, the entropic pressure can be obtained
by calculating the virtual work of an arbitrary deforma-
tion of the grafting surface. The pressure has the radially
symmetric form60�61

p�r�= kBT

2
r3

(
1+ r2

2R2
g

)
exp

{
− r2

4R2
g

}
(54)

with r the in-plane distance from the grafting point. Close
to the grafting point, the pressure can be as high as 107 Pa
for a= 0�3 nm at room temperature T = 300 K. The pres-
sure strength sharply decay from the center as p�r� ∼
kBTr

−3, and vanishes exponentially for distances larger
than the polymer size. The r−3 dependance is the natu-
ral scaling for the pressure, and it can be shown that it
still holds for chains with excluded volume.62 The total
force f exerted by the polymer onto the surface, f =∫�

0 2
rp�r�dr 	 kBT /a is of the order of a few pN. The
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grafted monomer exerts a point force −f that ensures
mechanical equilibrium.

The forces describe above can be applied to a wide class
of surface, provided that grafting of nonadsorbing chains
is feasible. In membrane systems with vanishing surface
tension, only the curvature rigidity will resist the polymer
pressure. As a consequence, a fluid membrane will deform
with a profile that is a compromise between applied pres-
sure and elastic restoring forces. The resulting deformation
close to the center of the pressure patch has a character-
istic cone shape.60�61 Far from the grafting point, the pro-
file relaxes with a shape that depends essentially on the
particular system under consideration (vesicle, supported
membrane, …).62

Different degrees of homogeneity for the pressure, and
therefore different induced deformations, can be concieved
by changing solvent quality,62 chain architecture,63 chain
rigidity,64 or electrostatic interactions. Even at neutral sur-
faces, a charged polymer is repelled by its image charge.
The Maxwell pressure, which originate from the distor-
tion of the electric field by the dielectric discontinuity,
also act as a pressure patch. Combination of both entropic
and electrostatic pressures should further enhance the pos-
sibility of designing customized mesoscopic force tools,
suitable for many different applications.

7. CONCLUSIONS AND PERSPECTIVES

We presented in this paper a short review of the entropic
interactions between soft objects of the nanoworld. Soft-
ness at this level translates into a high susceptibility to
thermal forces, and many of the configurations and geome-
tries adopted by such objects can be understood with the-
ories developed at the crossroads of Physics, Chemistry,
and Biology. Understanding brings also the possibility to
actually predict and control such structures, a feature that
will certainly appeal to future work in this field.
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