Dynamic relaxation of rodlike micelles
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We study theoretically the angular relaxation and translational diffusion of stiff rodlike
micelles that can undergo reversible scission reactions, in both the dilute and the entangled
regime. The very strong dependence of the angular diffusion constant on rod length leads to an
anomalous superdiffusive behavior of the typical angular deflection of a subunit at short times.
Despite this, angular correlation functions such as (u(z)-u(0)) (also the linear birefringence

and entropic stress response) decay exponentially with a relaxation time that is a power law
combination of the time scales for reversible scission and for angular rotation of a
{hypothetical) unbreakable rod. This relaxation time corresponds to the waiting time for a
subunit to find itself on a rod that is short enough to rotate through an angle of order 7 before
recombining with another rod. The translational diffusion of rodlike micelles shows no
anomaly in contrast to the angular case. However, the collective diffusion and self-diffusion
constants differ by a factor of 2 at all concentration ranges for which rod micelles exist. The
diffusion equation for collective motion is nonlinear (even below the overlap threshold) since
the mobility of the rods depends on their local concentration. The dynamic structure factor
S(g,t) is calculated to order ¢*, the quartic terms providing, in principle, a probe of the

micellar scission time.

I. INTRODUCTION

In recent years, there has been intense experimental and
theoretical interest in the dynamics of elongated surfactant
micelles.! Most work has focused on the case of “wormlike”
micelles, whose contour lengths greatly exceed the persis-
tence length of the locally cylindrical aggregate,”™ although
there is also interest in very stiff, rodlike structures.”” In
aqueous surfactant solutions the latter tend to arise at low
concentration, when mass action effects cause the micelles to
be relatively short, and/or at low salinity, when polyelectro-
lyte effects cause an increase in stiffness. The idealized limit
of very long, stiff micelles may soon be realized even in sys-
tems with short-range forces, for example, by synthesizing
lyotropic analogs to the columnar discotic liquid crystal
compounds.® We therefore assume the absence of long range
interactions, in which case the law of mass action requires
that the size distribution of rods is exponential, the number
density of rods of length L obeying (in suitable units)

C(L) =exp[ —E/kgT Jexpl —L /L], (1)
L=¢"?exp[E/2k;T). (2)

Here ¢ is the volume fraction of solute, and E the energy
required to create a pair of end caps in the middle of an
infinite cylindrical rod. These results should apply through-
out the dilute and semidilute regimes; only at relatively high
concentrations (near the Onsager threshold) should ex-
cluded-volume forces between rods come into play.’

We consider in what follows the angular relaxation
(Secs. II-VI) and translational diffusion (Secs. VII-X) of
stiff self-assembied rods that can undergo scission and re-
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combination reactions. We summarize our conclusions in
Sec. XI. For simplicity we assume that micellar reactions
obey the random scission scheme used in previous stud-
ies.'%!3 This assigns a uniform probability for the scission of
a micelle at any point along its length. In this case, thereisa
well-defined characteristic time 7, for the micellar kinetics.
This may be defined as the mean lifetime of a rod of the
average length before it breaks; it is also (to within order
unity factors) the lifetime of the end of a micelle before a
recombination event occurs.!®!* In the usual mean-field ap-
proach, such recombination is presumed to involve a ran-
dom member of the population of rods (subject to the con-
straint that fusing rods are collinear) rather than the partner
from the preceding dissociation step.

Other reaction schemes are possible, for example, scis-
sion can be induced by the end of another micelle (the so-
called end-interchange process). In this case we expect re-
sults that differ only in numerical factors from those
presented below. In some cases, the exchange of material
between rods may occur mainly by sequential release and
adoption of individual subunits'* rather than random scis-
sion and recombination; this case is qualitatively different
and we do not treat it here.

. FORMAL STATEMENT OF THE ROTATIONAL
DIFFUSION PROBLEM

It is straightforward formally to express the problem of
computing the response of our system of “living” rods to
perturbations in the angular distribution function.'” At the
level of linear response theory, we obtain for perturbations
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¢(L, u) in the number density of rods of length L with direc-
tor u, the following equation:

é(Lm) = — k(L +2L)c(L,u)

L

+ 2kf (L' wyexp[ — (L —L")/L 1dL’
0

+ 2k Jm c(L'u)dL' — 2k exp[ — L/L]
L

xf (L' w)dL’ + D(L)R-[Re(Lw)],  (3)
Q

where R = uX (d/8u) and D(L) is the angular diffusion
constant of a rod of length L. The last term on the right-hand
side arises from the angular diffusion of rods and the remain-
ing terms are the linearized chemical rate equations for the
scission-recombination scheme described above. (The re-
combination rate has been eliminated in favor of k using the
principle of detailed balance.)

We do not attempt a complete analysis of this equation
in the present paper, but focus on certain limiting cases of
physical interest. Parts of our analysis are closely related to
that of Lequeux'® who has presented a general formalism for
treating first order relaxation processes in systems undergo-
ing reversible scission.

In what follows we allow the following general form for
the angular diffusion constant:

D(L) =D(L)X (L /L) " 4)

The value x = 3 corresponds to dilute rods so long as a weak
logarithmic factor is neglected; in this case D(L) = D, /L *
with D, a constant. (The logarithmic factor is easily re-
stored in principle. ) Another case of interest is for entangled
stiff rods, where according to the tube model of Doi and
Edwards,’ one has Eq. (4) with

DIy =2 (5)

227 ’
xk=1. (6)

Equations (5) and (6) can be adopted for use in Eq. (3)
so long as the motion of a (hypothetical ) unbreakable rod, at
time scales of order 7, can in fact be represented as a simple
angular diffusion process. In the tube model, the angular
motion of an entangled rod is complicated at short times but
crosses over to simple angular diffusion at time scales
Teep ~DoL >.° This is the time taken for a rod to escape its
tube by sliding along its own tangent; during one such es-
cape, the rod undergoes only a small angular deflection
[6~ (4L ?) ~'] because its rotation is hindered by the con-
straints of the other rods. Adopting this as the elementary
diffusive step, we see that the angular motion of an un-
breakable rod for times >, is indeed a pure diffusion with
D(L) obeying Eqgs. (5) and (6). To exploit this simplifica-
tion we below assume 7, » 7., throughout our discussion of
the entangled case.'®

rep

lll. ANGULAR CORRELATION FUNCTIONS

We focus now on the angular correlation function de-
fined as (u(¢) -u(0)) where the average is over all subunits
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(monomers). For a diffusing unbreakable rod of length L,
this obeys’

(u(2)-u(0)), =exp[ —2D(L)t]. (7)

This single-exponential behavior of the one-rod relaxation
turns out to be a crucial simplification in what follows.'>
Note that higher moments of the angular distribution func-
tion also decay exponentially:

(P, [u(t)u(0)]), =exp[ — D(L)n(n+ 1)z], (8)

as do correlators of tensors such as {uu) which are probed
experimentally using linear birefringence and entropic stress
response.’ Since all these decay exponentially without
breakage, they should all behave alike when scission effects
are included,'® and therefore we take (u(z)-u(0)) as the
canonical example.

It is, of course, easy to calculate {(u(¢) -u(0)) in the limit
where scission processes are negligibly slow. (In doing this
for the entangled case, we ignore any corrections to the sim-
plest tube model that might arise from the polydispersity.)
The limit we consider is formally 7, — o0, although qualita-
tively the results should apply whenever 7, > 7., where

Tx =D(L) ™! (9)
is a characteristic time scale for angular relaxation of an
unbreakable rod of the mean length.

Clearly in this limit the angular correlation function is
the weight average

(u(r)u(0)) =fP(L)exp[ _ D(Lyt1dL (10)

L —
P(L)=fz—exp[—L/L], (11)
where P(L) is the probability that a subunit is on a rod of
length L. For long times, a saddle point approximation can
be applied with the result

(u(#)-u(0)) ~exp[ — (¢/7,4.)°]
1
K+ 1

where the “‘stretched exponent” a is 1/4 for dilute rods and
1/8 in the entangled regime. These equations were previous-
ly given by Bellini et a/. who confirmed the prediction
a = 1/4 for dilute micellar rods in a birefringence experi-
ment.'”

Atshort times, Eq. (10) must be treated differently. The
leading behavior is found by recognizing that at time ¢, rods
with D(L)t>1 have essentially relaxed their orientations
whereas the remainder have not. This yields the short time
behavior

(1% = 2[{u(t)u(0)) — 1] =( ‘ )

rot

(12)

a

(13)

(14)

which does not coincide with the Taylor expansion of Eq.
(12) for small ¢.

IV. FAST BREAKING CASE

It is notable from the data of Bellini ez /. that the expo-
nent @ measured in birefringence becomes larger rather than
smaller as the concentration is raised above the overlap

J. Chem. Phys., Vol. 94, No. 12, 15 June 1991

Downloaded 23 Jul 2006 to 128.112.69.52. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



Cates, Marques, and Bouchaud: Relaxation of rodlike micelles 8531

threshold for micelles.!” The tube model predicts a very low
a = 1/8; the observation of the opposite trend suggests that
in this regime (for the particular system studied in Ref. 17)
the micellar breaking time may cease to be very much longer
than the rotational time of a typical rod. (This is not conclu-
sive, however; an increase in micellar flexibility could also
increase «.) This is what happens in the case of flexible elon-
gated micelles, for which both theory and experiment sug-
gest that the relaxation becomes narrowed to a pure single
exponential decay, in the regime where scission occurs rap-
idly on the time scale of orientational relaxation.'*1©

To analyze the relaxation of stiff micelles in the regime
7, €T We can exploit the Markov property of the angular
correlation function. The history of a given subunit or mon-
omer, between time zero and time f may be divided into
intervals ¢, on which it is on a rod of diffusivity D, = D(L,),
where Z,¢, = t. Since the angular correlation function dur-
ing any of these intervals decays exponentially (though with
arelaxation rate that depends on the current rod length), the
angular correlator for subunits may be broken down as

{u(r)u(0)) = <exp[ -2 i D,~t,-]> , (15)

i=1

where the angle brackets { ), denote an average over the
stochastic scission and recombination events that determine
D, t,and n.

The behavior of averages like Eq. (15) in systems with
reversible scission has been studied recently by Lequeux.'’
Here we give a simpler treatment based on the following
approximations: (i) we assume that the L, are uncorrelated
samples from the population ¢(L); (ii) we assume that all
the #; are the same and equal to 7,. (Hence n =¢/7,.) For
the scission and recombination processes described by Eq.
(3), neither approximation is quite correct. First, successive
L values are correlated, but the correlation decays rapidly on
times of order 7,; only a few reversible scission events are
needed before a subunit loses all memory of its earlier rod-
length history.'® Second, the ¢, are in reality random vari-
ables, having Poisson statistics with mean ¢, (L)
= 7,/(2+ L /L).'> However, it can be checked by per-
forming more elaborate calculations that these approxima-
tions do not alter our results except at the level of numerical
factors.

With these simplifications we have for times large com-
pared to 7, the obvious formula n(¢) =¢/7,, and Eq. (15)
reduces to the following form:

<Mwmm>=U

0

%0 t/Ty
exp[ — 2D(L)7, ]P(L)dL} .
(16)
Since we are assuming 7, €7, (recall that the latter is the
angular rotation time of a hypothetical unbreakable rod of

length L), we may use the approximation in Eq. (14) to
write this as

2/kYt/ Ty
<Mnmm»=P—(“) ], (17)

r

rot

which for 7, €7, approaches the single exponential form

{u(r) u(0)) =exp[ — ¢ /7], (18)

r= b (19)

The second formula is as found by Lequeux.'® The physical
content of these results is as follows. At each time step 7, all
monomers are redistributed at random among the rods,
which continuously relax by angular diffusion. Only those
monomers which are on rods of length L<L * such that
D(L*)7,~1 can relax orientation before the next redis-
tribution of rod lengths takes place; the fraction of such
monomers is of order (7,/7,,, )**. The relaxation thus pro-
ceeds by a sequence of independent steps in which this pro-
portion of the remaining orientational bias is eliminated at
each step. The characteristic relaxation time 7 for angular
relaxation is the waiting time for a monomer to find itself on
a rod of length L<L * whose orientation can relax signifi-
cantly between one scission event and the next. The single
exponential relaxation arises because the final relaxation
time 7 is much larger than the time scale 7, at which each
subunit loses memory of what length rod it is on. Hence all
subunits receive equal treatment and relax at the same rate,
an effect similar to that found previously for flexible rather
than stiff micelles.'™

It is interesting to translate Eqgs. (18) and (19) into
predictions for the concentration dependence of the relaxa-
tion time 7. Using the results of Secs. I and II for L(¢$) and
thus 7, (¢), and assuming a scission rate k [Eqgs. (1) and
(2)] that is independent of volume fraction, we obtain
T~¢P, with B = 5/6 (17/14) for dilute (entangled) rods in
the rapid breaking regime, compared to 8= 3/2 (11/2) in
the opposite limit of slow breaking. The much reduced val-
ues for the concentration exponent /3, allied to the prediction
of single exponential relaxation, should make it easy to iden-
tify experimentally the regime of fast breaking in stiff micel-
lar rods, especially in the entangled case.

V. THE STRESS-OPTICAL LAW

The linear response calculations given above for
(u(r) u(0)) generalize to any probe of the angular distribu-
tion of subunits that decays exponentially for a single rod.
This includes both entropic shear stress and birefringence.
For rods these are proportional to the off-diagonal parts of
the tensors fc(L,u)un dL and fLc(L,u)un dL, respectively;
the stress-optical law is said to hold when these two quanti-
ties are linearly related to one another. Clearly, the stress-
optical law is obeyed for monodisperse rods; in contrast it is
not obeyed in the case of polydisperse unbreakable rods,
since the alignment of a rod under external perturbation is
dependent in general on its length. According to the above
description of the fast breaking regime, however, each
subunit gets randomized over the rod-size distribution with
the time scale 7,. According to Eqgs. (18) and (19), 7, the
angular relaxation time for subunits, greatly exceeds 7,
which implies that there can be almost no correlation
between the orientation of a given subunit and the length of
the rod it is on. Hence the stress-optical law must be recov-
ered in the fast breaking regime. This agrees with observa-
tions on several systems that are argued to contain rather
stiff micelles.>” This could be a useful diagnostic: if an ex-
perimental system of micellar rods obeys the stress-optical
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law it seems reasonable to conclude that the fast breaking
limit applies in that system.'?

V1. ANOMALOUS DIFFUSION: AN ANGULAR LEVY
FLIGHT

Above we considered the time dependence of
{u(?)-u(0)), which is typical of that expected for any corre-
lation function whose dependence is exponential for un-
breakable rods of a given length. Let us now consider instead
the probability distribution for angular displacements 8(¢)
as a function of time. For small times on arod of length L this
is Gaussian distributed with variance

o(t) ={(0%()) =4D(L)s. (20)

The motion in the @ variable is essentially the same as a
diffusion process for a particle with diffusion constant D(L)
in real space; this analogy holds for times short enough that
there is negligible probability of @ values of order 7 being
reached. Likewise, in the fast breaking regime one has, for
any given sequence of reactions, a conditional probability for
6 which is Gaussian distributed with variance

o(t) =43 D,
i=1
The problem is now to combine this with the probability
distributions for D,, ¢;, and n.

Let us temporarily ignore the fact that @ is really an
angle. The probability distribution P(6) may then be calcu-
lated by standard methods from the asymptotic statistics of
the sum in Eq. (21).'*% (This is done most easily if we
adopt the same approximations as used in Sec. IV.) We find
that for « > 2, the stochastic process this represents is an
anomalous one corresponding to superdiffusive behav-
ior.’*?*! The result

PlO()]«L,[6/8(1)],

(21)

(22)
(23)

with a charac-

u=4/c

is a symmetric Lévy stable distribution, %

teristic angular displacement

g([) N(E_)K/4.
T

At large values of its argument, L, (x) decays slowly as
|x} ~* ~*#, which means that moments (x* ) with >z do not
exist.

The reason for an anomalous diffusion () ~z**
(which applies for all « > 2) is that the motion of a subunit is
controlled by those time intervals ¢; during which it is on a
rod that is much shorter than the mean length. Indeed, the
sum in Eq. (21) is dominated by its largest term, and hence
the effective angular mobility of a subunit increases with
time. The typical angular deflection 6(f) obeys
0~D(L_;.)7,, where L_,. (¢) is the expected length of the
shortest rod visited between times zero and ¢; since in this
interval n~t /7, different rods are sampled, we have

(24)

Lmin
f P(LYdL=1/n=rT1,/t (25)

0
which leads directly to Eq. (24) for 6(¢).
We must now take account of the fact that @ is not a
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spatial coordinate but an angular one, and cannot exceed 7.
The above analysis applies to the probability distribution for
angles @ that are very small compared to 7. This remains the
case for the main part of the probability distribution until
such time that 8(z) ~; the crossover time is easily checked
tobe 7 [Eq. (19) ], which we recall is the time a subunit has
to wait until it is on a rod short enough to undergo an order-
unity angular deflection before recombining. Hence we con-
firm that the anomalous angular diffusion regime arises for
time scales 7, €t €7, between the characteristic time for re-
actions, and that of angular relaxation. This regime can be
very large in the fast breaking limit when 7> 7.

Note that, despite this anomalous diffusion, averages
such as (8(#)?) now remain finite; since these would other-
wise diverge, they are immediately sensitive to the fact that
angular and not spatial motion is involved. In principle, we
may also study a winding number €(¢), now defined as the
total angle traversed by a subunit and hence not subject to
periodic boundary conditions. This is simple to define for
motion on a circle (angles in two dimensions) where the
preceding Lévy analysis (without restraint on &) describes
the diffusion in winding number space. It is notable in that
case that all circular harmonics = . d0 L, (6/t"*)e™®
decay monoexponentially in time (this follows directly from
the definition of L, '®). In three dimensions the situation is
more complicated, since we must consider two angle vari-
ables; winding around a particular axis is dominated by sin-
gular contributions that arise when the rod lies nearly paral-
lel to that direction, and we do not pursue this issue here.
Nonetheless, we do know from the resuts of Secs. III and IV
that all spherical harmonics of P(u) decay exponentially in
the fast breaking regime.

Obviously it would be very interesting to think of experi-
ments that could probe the anomalous motion described in
Egs. (22)-(24). In the analagous problem of spatial diffu-
sion in flexible micelles, fluorescence recovery after photo-
bleaching has been used to demonstrate a similar Lévy flight
behavior.2! Unfortunately, our results indicate that, to see
any anomalous angular diffusion, the experimental quantity
probed must be of sufficient complexity that it cannot be
written as a simple sum of angular correlation functions (all
of which decay exponentially, as described above). This
rules out many of the standard methods,?? and so a rather
original experiment may be needed to see this effect.

Vil. TRANSLATIONAL MOTION

We now turn from the problem of angular relaxation to
that of translational diffusion and mass transport. The trans-
lational diffusion constant D, (L) for rods is much less sensi-
tive to micellar length than is the rotational diffusion con-
stant D(L). It is also rather insensitive to entanglements;
according to Doi and Edwards® we have

D,(L)~D, log(L)/L dilute (26)
D,(L)y~D,/L entangled, (27)
where the logarithmic factor arises through hydrodynamic
self-interactions that are screened in the semidilute regime.

For simplicity we ignore the logarithmic factor below, when-
ever we need a definite form for D, (L). The entanglements
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present in the semidilute regime are very effective at imped-
ing the translational motion but reduce translational mobil-
ity by only an order unity factor.

The problem of translational sel/~diffusion can be dealt
with immediately. This concerns the asymptotic dependence
of the spatial displacement 7*(¢) for 2 monomer as a function
of time t. Over a long time interval the monomer will spend a
fraction of the time P(L) [Eq. (11)] on rods of length L.
The asymptotic self-diffusion constant is therefore

D, = jw P(L)D, (L)L, (28)
(¢]

which implies D, = D,/L, for D, (L) obeying Eq. (27). In
contrast to the angular diffusion case, the average in Eq.
(28) exists and there is no anomalous behavior. (This also
contrasts with the translational behavior of flexible entan-
gled micelles.?' ) The probability distribution for monomer
displacements r approaches a Gaussian for times >7,,
whereas at short times (when the rod length distribution is
effectively quenched) it obeys instead

(D,1)?

P —_—
(r) e (2D,t + )72

(29)

This formula is found simply by averaging the Gaussian dis-
tributions corresponding to chains of different lengths.

VIil, COLLECTIVE DIFFUSION

Our next task is to find the collective translational diffu-
sion behavior. We start from the linearized equation of mo-
tion, which is the direct analog of Eq. (3) for the rotational
case. The equation reads

e(Lyr) = — k(L + 2L)e(L,x)

L

+ Zkf e(L'vyexpl — (L—L")/L 1dL’
0

+ 2k fm c(L'r)dL' — 2k exp[ — L /L)
L

Xfw c(L')¥)dL’' 4+ D (L)V-{Ve(Lx)]. (30)
0

We consider the limit of large length scales, such that
D,g*r, €1, where g is a wave vector of interest. In this case,
the collective motions involve only the local concentration
@(r), which is the first moment of ¢(L,r):

$(r) = r Le(LrydL. (31)
0

At large length scales the chemical relaxation processes are
fast compared to diffusion and we may in this limit assume
there is always full local equilibration of the micelle size dis-
tribution. [ This will depend, through Eqgs. (1) and (2), on
the local density ¢(r).] The first moment of Eq. (30) then
reads

8d(r,t) =0 +f°° LdL D,(L)V?c(L,r), (32)
0

where §¢(r) = ¢(r) — ¢ (subtracting the global average)
and the contribution to 8¢ arising directly from the reaction
terms has been set to zero.'? This is because reactions are

local processes and cannot, in themselves, redistribute mat-
ter from one region of the system to another.

Under conditions of local equilibrium, ¢(L,r) in Eq.
(32) isrelated to ¢(r) by thermodynamic considerations. In
the linear response regime, we may deduce this from Egs.
(1) and (2) by performing a small change ¢ —¢ 4 6¢ and
find the corresponding shift in C(L), using

ac(L) 3L
Ly)=—""5—"206 . 33
c(L,r) i 9 ¢ (r) (33)
The result is as follows:
c(L,yx) ={‘_CE'_)6?¢.(_12’ (34)
2¢L

where C(L) and ¢ refer to the globally averaged size distri-
bution and concentration. Substituting in Eq. (30) we find
the collective diffusion equation

$(r) =D,V(r) (35)
D, = QL) fw dL P(L)LD,(L). (36)
0

This D, is the “mass-squared average” diffusion constant,
and it governs collective diffusion whenever the correlation
between local concentrations and the total density obey Eq.
(34).2 For D, (L) obeying Eq. (27), the result is simply

D,=D,/2, (37)

so that the collective diffusion constant is half the self-diffu-
sion constant. Note that this holds even far below the overlap
threshold for micelles: the micelles “interact” even in this
regime since their size distribution is coupled to the local
density by mass-action effects.

IX. NONLINEAR DIFFUSION EQUATION

It is notable that hardly any change is needed to the
preceding discussion, in order to write down a nonlinear col-
lective diffusion equation describing the response of the sys-
tem to large concentration gradients. Under conditions of
local equilibrium, we may apply Eqs. (1) and (2) locally
(without linearization); moreover, the argument leading to
Eq. (32) can equally well be applied directly to the full den-
sity ¢ (r) rather than the small fluctuation 8¢ (r). [ The reac-
tion contributions to ¢(r) vanish whether or not they are
linearized as was assumed in Eq. (30); the argument that
reactions cannot move material from one place to another
still applies. ]

In the case of most interest, where D, (L) = Dy/L {Eq.
(27)] we obtain

$(r) = D,4'*V?[¢(r)'], (38)
where, to avoid confusion, the global average density is now
denoted (75 It may easily be checked that Egs. (35) and (36)
are recovered in the linear response regime. The factor of
half between D, and D, can be viewed as arising from the
linearization of the square root in Eq. {38).

Related nonlinear diffusion equations should arise
whenever the diffusivity is coupled locally to the concentra-
tion, a generic effect in self-assembling systems where the
complexion of the particles is a function of density, even at
low enough concentrations that the aggregates do not “inter-
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act” by conventional interaggregate forces. Experiments on
this aspect of collective diffusion would be of great interest;
in their absence, we defer to future work the detailed analysis
of Eq. (38).

X. DYNAMIC STRUCTURE FACTOR

The collective relaxation of concentration fluctuations
is generally studied by measuring the dynamic structure fac-
tor??

Ly Ly
sen=(33 S explia [ 1700~ r7(0)]3),
v L L

' (39)
where j and k are monomer indices and the »n and m indices
run over all the rods of sizes L, and L, present, respectively,
at time ¢ and at time O in the scattering volume. The weight-
ing probabilities for the average () describe not only the
configurational space for position and orientation of the rods
but also for the distribution of sizes L. In this sense the dy-
namical structure factor of “living” rod micelles is funda-
mentally different from the structure factor of a quenched
polydisperse set of rodlike particles.

The behavior of S(g,¢) in different wave vector regimes
will probe different aspects of the micellar dynamics. At high
wave vector, the angular processes discussed in Secs. [I-VI
will play an important role. We focus here on the low wave
vector expansion, for which we may write

so long as gL < 1. The leading behavior is then
S(g,t) =exp[ —D,qt ], (41)

which follows directly from the collective diffusion equation
found in Sec. VIII. This is totally independent of the micellar
kinetics, and it is interesting to see whether a more informa-
tive behavior can be found by keeping terms of the next order
in the low g expansion. We may expect the next corrections
to be important, not just at very high ¢ where the internal
structure of the rods starts to matter (i.e., gL~1), but at
wave vectors in the range D,¢*r, ~ 1. This corresponds to
distances of order that moved by an average rod during its
lifetime before scission, and if chemical relaxation is slow
this can be far larger than the mean micellar size. If this is the
case, which we assume from now on, the ¢* terms can yield
information on the micellar kinetics.

To calculate S(g,t) to order ¢* we consider the Laplace
transform (on L)' and Fourier transform (on r) of Eq.
(30) which then takes the form

1 d L 1
— &, (85) =—c, (1, 2| = -
kcq( $) dscq( S+ [sL+1 s]

X [€,(8,5) — ¢, (0) ] — 2Lc, (1,5) (42)

D L
LY

where ¢, (#,5) is the Laplace transform of ¢ (£,L); we have
divided through by the scission rate constant k. The last term
in the right-hand side of Eq. (42) is the contribution of spa-
tial diffusion of rods, the other terms arising from the usual

scission-recombination scheme. We have assumed Eq. (27)
for simplicity.

Note that in Laplace space, ¢, (#,0) is the total number
of rods and dec,(t,5)/ds|;_o = — ¢,(2) is the total mon-
omer density. Taking the limit of s—0in Eq. (42) and in its
derivative one gets the following coupled equations for the
density and chain number:

— Dy (=
%c"q(t,O) =@,(t) —2Lc,(1,0) — qZ—ki_[) ¢, (t,5')ds’,

¢, (1) = — ¢*Dyc, (1,0). (43)
By solving these with suitable initial conditions, we can find
the memory kernel for ¢, fluctuations [which is the same
thing as S(q,t), by Eq. (40) ]. The correct initial condition is
provided by Eq. (34) which determines the response of
¢, (L) conditional on a given density fluctuation ¢,. [The
result may readily be checked by considering the correlation
matrix for ¢, (L) and ¢, which can be calculated directly by
assuming Poisson statistics for each species of rod. ]

The initial decay rate of the scattering function S(g,t)
can immediately be obtained by combining Egs. (43) and
(34):

S(qvt)l:=0 = —qzﬁl‘ (44)

In contrast, the general (arbitrary ¢) solution for S(g,¢) can-
not be extracted easily from the equations because they are
not closed. For a full solution one must therefore deal direct-
ly with Eq. (42) rather than attempting to find an autono-
mous equation for the density 4, . It is, however, possible to
find the leading (g*) corrections to the simple diffusive be-
havior [Eq. (41)], by treating perturbatively the diffusive
contribution {the last term on the right) in Eq. (42). At first
sight there is a danger that this term could be divergent, but
in fact it remains finite for all s, as may be shown from study-
ing the behavior of the size distribution of short chains
¢, (6,L)<c,(0,L) ~ L. [In other words, although the diffu-
sion constant diverges for short chains, these are, according
to Eq. (34), only rather weakly coupled to the local density
and do not dominate the relaxation of that quantity. |
This allows us to set in Eq. (43)

F ¢, (1,5)ds' =A,()Le, (1,0), (45)
0

where 4, (2) is an unknown, but well-behaved function of ¢
and ¢. Combining with Eq. (43), it is now possible to obtain
an autonomous expression for the time evolution of the con-
centration fluctuation

g’D

Ty

“d, (1) =0.
(46)

In order to proceed, we first solve Eq. (42) for ¢ = 0, choos-
ing a normalized concentration fluctuation ¢, (0) == 1. This
allows us to determine the zero order term of the unknown
function A, (¢); in this manner we obtain the result

A4,() =14 O(D,g*r,). (47)

This can be substituted back in Eq. (46) to obtain an equa-
tion that determines the scattering function to the fourth
order in g. Note that this relies on the fact that ¢, is itself of

$, (1) + [TL+ 2Aq(t)q21—),]é5q(t) +
b
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order ¢% one can confirm that, if one carries through the
term of order D,¢*7, in Eq. (47), the result given below for
S{q,t) does not depend on the coeflicient of this term, to the
required order. By the procedure just described, we have
avoided expanding to order ¢* in the full coupled equations
for ¢, (s,t)—a complicated step which would otherwise have
been necessary.

We may now solve Eq. (46) for an arbitrary initial dis-
turbance ¢, (1 = 0). There are two eigenmodes whose decay
rates obey a quadratic equation. Working to order ¢* in both
the amplitudes and the decay rates, we obtain the following
result for the dynamic structure factor S(g,?)

= (¢, (1)$%¥(0)):
S(g,t) = exp[ — ¢D,t + ¢*D r] — ¢‘D*

Xexp[ —¢*D,t — —t~]sinh [q"ﬁ Zr t -+ —t—] .
27, 27,

(48)
Of course, this reduces to the standard form of Eq. (41) for
B,q2t< 1; the leading departures, calculated here, could, in
principle, be used to extract from .S(g,t) data a quantitative
estimate of the chemical relaxation time 7, . This might pose
experimental problems, in practice, since the corrections are
always small in the limit where our perturbative approach is
valid. It would therefore be desirable to obtain a closed-form
approximation to S(q,t) over the entire g range, but we have
not yet found a simple way to do this.

Another limiting case can be solved easily, however:
that of (D,7,) ~ Y2<g<L ~'. This corresponds to distur-
bances which relax much too quickly to allow local equili-
bration of the size distribution, but which are nonetheless on
alarge length scale compared to the size of a typical micellar
rod. In this case, one can again write S(q,t)

= (@, ()¢*(0)), but this time calculate the latter by propa-

gating an initial disturbance ¢, using the dynamics for for an
effectively quenched system of rods. The initial conditions
for ¢, (L) are found, as before, from Eq. (34) in which case
the result for S(q,t) follows immediately:

S(g,t) = (2L) ~! f " aL P(L)Le™ 4P (49)
0

which at long times approaches a siretched exponential re-
laxation

S(q,t)~exp[ —Z(Dsq2t)]1/2' (50)
[At short times, on the other hand, one recovers Eq. (44).]

This result of course resembles those found in Sec. III for
rotational relaxation in the slow breaking regime.

XI. DISCUSSION AND CONCLUSIONS

We have presented a theoretical analysis of angular re-
laxation and transiational diffusion in stiff micellar rods un-
dergoing reversible scission processes. We summarize our
results in Table I.

A. Angular relaxation

In the limit of slow scission reactions, we recover a
stretched exponential behavior, with exponent a = 1/4 for
dilute rods (as seen in birefringence by Bellini et al.!'7)
whereas o = 1/8 for the entangled case. In contrast, for the
limit of fast breaking we obtained single exponential relaxa-
tion for angular correlation functions, with a relaxation time
T~7)*7%% (dilute) and 7~717"7%/] (entangled). These re-
sults agree with the analysis by Lequeux'® of first order re-
laxation processes in living systems, of which the angular
correlation functions for stiff rods provide a concrete, and
experimentally interesting example. However, the simple ex-
ponential relaxation of the correlation functions disguises
the fact that the angular diffusion of a subunit or monomer is
highly anomalous: in effect an “angular Lévy flight” with
typical angular deflection 8~ ¢ */* for dilute rods and 8~ *
in the entangled regime.

B. Translational diffusion

There is no anomaly in the translational diffusion of rod
micelles, and we recover earlier results®® equating the self-
diffusion constant D; to the mass average diffusivity and the
collective diffusion constant D, to the mass-squared average
diffusivity for the aggregated species. For rodlike micelles,
we found D, = 2D,, a result that applies even far below the
overlap threshold. This discrepancy arises from the local
coupling between the mean micellar size and the concentra-
tion, which also results in a nonlinear diffusion equation
$~V2(4"?) when concentration perturbations are large.
We calculated the dynamic structure factor S(g,t) to order
q*, the ¢* terms arising simply from the collective diffusion
constant but with ¢* corrections that are sensitive to the mi-
cellar kinetics. An intermediate ¢ regime can arise
((D,7,) " ?«q<L ~') in which S(q,) should show a
stretched exponential time dependence (with stretched ex-

TABLE I. Summary of a theoretical analysis of angular relaxation and translational diffusion in stiff micellar

rods undergoing reversible scission processes.

Rotation To P Trot

Ty €Tror

Dilute Exp{ — [t/7,,,]"*}

{u(r) u(0))

Expl — t/(r}*mi))}

Entangled Exp{ — [¢/7,0,1*} Exp{ — t/({7Z)}
Diffusion TP Tp Ty LTp
{$(1)6(0)) Exp{ ~2[2t/7,]'%} Exp{ — t/75}
7y = 1/(2kL) Teor = 1/D o (L) o = ¢Do/(2L)
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ponent @ = 1/2) arising from an effectively quenched poly-
dispersity.

All of our new predictions await experimental test, and
this will require work on materials that form very stiff long
micelles at low volume fractions; to avoid complications
brought about by Coulomb forces,** it would help to find
aggregates that are inherently very stiff. In addition to nor-
mal surfactant materials it may be interesting to seek candi-
dates of somewhat different architecture, for example,
among disk-shaped molecules which might in some cases
form a relatively rigid precolumnar aggregate even at low
concentrations. Although in the absence of detailed experi-
ments some of our calculations may appear premature, we
hope that in fact the theoretical predictions made in this
paper will stimulate renewed experimental interest in stiff
micellar systems.
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